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LARGE TIME ASYMPTOTICS FOR THE PARABOLIC ANDERSON 
MODEL DRIVEN BY SPATIALLY CORRELATED NOISE 


JINGYU HUANG, KHOA LE, AND DAVID NUALART 

Abstract. In this paper we study the linear stochastic heat equation, also known as para¬ 
bolic Anderson model, in multidimension driven by a Gaussian noise which is white in time 
and it has a correlated spatial covariance. Examples of such covariance include the Riesz 
kernel in any dimension and the covariance of the fractional Brownian motion with Hurst 
parameter H G (;|i in dimension one. First we establish the existence of a unique mild 
solution and we derive a Feynman-Kac formula for its moments using a family of indepen¬ 
dent Brownian bridges and assuming a general integrability condition on the initial data. In 
the second part of the paper we compute Lyapunov exponents, lower and upper exponential 
growth indices in terms of a variational quantity. The last part of the paper is devoted to 
study the phase transition property of the Anderson model. 


1. Introduction 


In this paper we are interested in the stochastic heat eqnation 

| = + ( 1 . 1 ) 

where t > 0, x G (£ > 1) and IT is a centered Gaussian field, which is white in time 
and it has a correlated spatial covariance. More precisely, we assume that the noise W is 
described by a centered Gaussian family W = {IT(0),0 G iS(M+ x M^)}, with covariance 

ElW(<p)W(rl,)] = -^ r [ T,p(s,OWM)Md()ds, ( 1 . 2 ) 

where /i is a tempered positive measure and denotes the Fourier transform in the spatial 
variables. If the inverse Fourier transform of /i is a locally integrable function 

^TTvi . ( 1 - 3 ) 

then, 7 is positive dehnite and (1.2) can be written as 


E[IF(0)IF(V’)] = [ [[ (p{s,x)'ijj{s,y)'y{x — y)dxdyds . (1.4) 

Jo J 

If, in addition, 7 is nonnegative, the existence of a mild solution for equation (1.1) is equiva¬ 
lent to the following Dalang’s condition (see, for instance, [12,13]), which plays a fundamental 
role in this theory. 


/i(dO 

1+lel^ 


< cxo. 


(1.5) 
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Throughout the paper, we denote by | • | the Euclidean norm in and hy x ■ y the usual 
inner product between two vectors x^y in 

Recently, (see [2,16]) one has considered the case where ^ = 1 and W has the covariance 
of a fractional Brownian motion with Hurst parameter H G (^, |) in the spatial variable. 
In this case, 7 is not well-defined as a function but a distribution, the right-hand side of 
(1.4) is thus not well-defined. The spectral measure is, in this case, y{d^) = 
where ci^h = T{2H + 1) sin( 7 rhf). The main aim of this paper is to consider a general class 
of rough noises, with spatial dimension 1, that includes this example. For the solution of 
equation (1.1) driven by these rough noises, we plan to derive Feynman-Kac formulas for 
the moments, compute Lyapunov exponents and exponential growth indices and study the 
phase transition property of Lyapunov exponents. For this purpose, introduce the following 
conditions on the spectral measure. 

(H.l) We assume that ^ = 1, the spectral measure y is absolutely continuous with respect 
to the Lebesgue measure on M with density /, that is y{d^) = f{^)d^, and / satisfies: 

(a) For all 7 in M and for some constant k > 0, 

+ < n{f{0 + fiv))- ( 1 . 6 ) 

(b) The spectral density / satisfies 

Hypothesis (H.l) is satisfied by the spectral density /(^) = when H G (|, |], 

with a constant k = 1. On the other hand, (1.7) in Hypothesis (H.l) clearly implies the 
integrability condition (1.5). 


On the other hand, our results also hold under the following hypothesis, which we formulate 
for a general dimension £ > 1 ; 

(H.2) The inverse Fourier transform of y{d^) is a nonnegative locally integrable function 7 
and y satisfies Dalang’s condition (1.5). When £ = 1,7 can also be the Dirac delta function 
^ 0 , which corresponds to the space-time white noise case. 

Examples of covariance functions satisfying (H.2) are the Riesz kernel 7(0;) = |x|“^, with 
0 < 7 < 2 A £, the space-time white noise in dimension one, where 7 = ho, and the multi¬ 
dimensional fractional Brownian motion, where 'y{x) = Y[i=i — l)|a;*p'^*“^, assuming 

Hi > ^ ^ and iLj > | for i = 1 ,..., £. 

In this paper we assume that the initial condition uq is a tempered measure satisfying the 
condition 

(pt * |'no|)(a^) < C )0 for alH > 0 and a; G , (1.8) 

where pt * |mo| denotes the convolution of the heat kernel pt and the total variation of MQ) 
denoted by |mo|- This condition is equivalent to 

[ e~°'^^^'^\uo\{dx) < 00 , (1.9) 


for all a > 0. Using the Wiener chaos expansion, we show in Theorem 3.2 that, under 
hypotheses (H.l) or (H.2), there exists a unique mild solution to equation (1.1). Note that 

hypothesis (1.8) is weaker than condition Jjg(l -|- < OO) imposed in [16] 
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in the case I = \ and fi{d^) = The existence of a unique solution for the 

stochastic heat equation under Hypothesis (H.2) with a nonlinear coefficient a, when the 
initial condition uq a measure satisfying ( 1 . 8 ), has been proved in [ 6 ] (the one-dimensional 
case with space-time white noise was previously treated in [5]). 

On the other hand, in Proposition 4.4 we show a Feynman-Kac formula for the moments 
of the solution in terms of an independent family of Brownian bridges. 

The second part of our paper is devoted to computing the speed of propagation of inter¬ 
mittent peaks. The propagation of the farthest high peaks was hrst considered by Conus 
and Khoshnevisan in [11] for a one-dimensional heat equation driven by a space-time white 
noise (7 = 5o) with compactly supported initial condition, where it is shown that there are 
intermittency fronts that move linearly with time as at. Namely, for any hxed p G [2, cxd), 
if a is sufficiently small, then the quantity sup| 3 ,|>Q,jE(|M(f, x)|^) grows exponentially fast as 
t tends to oo] whereas the preceding quantity vanishes exponentially fast if a is sufficiently 
large. To be more precise, the authors of [11] dehne for every a > 0, 

iS(a;) :=hmsup- sup logE(|-u(f,a;)|^) , ( 1 - 10 ) 

t \x\>at 

and think of as an intermittency lower front if iS(a) < 0 for all a > ai, and of au as an 
intermittency upper front if iS(a) > 0 whenever a < au- In [11] it is shown that for each 
real number p > 2 , 0 < «;/ < < 00, and when p = 2 , some bounds for and au are 

given. In a later work by Chen and Dalang [5], using the method of iteration, it is proved 
that when p = 2 , there exists a critical number a* = ^ such that iS(q!) < 0 when a > a* 
while S{a) > 0 when a < a* (this property was hrst conjectured in [11]). 

In this paper, we will use methods from large deviations to give a more general treatment 
of this problem. We will show that for a general class of covariance functions 7 and any 
positive integer p > 2 , the pth moment of the solution to ( 1 . 1 ) with certain initial condition 
develops high peaks which travel at a constant speed when the time is large, and we are able 
to express the speed, using the variation expression (see (1.12) below). In the particular case 
when the initial condition Uo{x) = 1, we are able to hnd the precise Lyapunov exponent of 
the solution. 

Our approach is based on the Feynman-Kac formula for the moments of the solution, 
usually expressed in terms of independent Brownian motions. As is shown in Theorem 
1.3, the propagation of high peaks largely depends on the initial condition, thus we use the 
Brownian bridges in the Feynman-Kac moment formula, to isolate the initial condition, which 
simplihes its analysis (see Proposition 4.4). The procedure is to hrst get some large deviation 
results for the long term asymptotic of exponential functionals of Brownian bridges with the 
regularized covariance function (see, for instance Lemma 5.1), then make some approximation 
to treat general covariance functions. To do this we introduce the approximate covariance 

f . ( 1 . 11 ) 

(2vr)^ 

For each e > 0, the spectral measure of 7 ^ is p{d^), which has hnite total mass because 
/i is a tempered measure. Thus, 7 ^ is a bounded positive dehnite function. Most of our 
results are obtained hrst for 7 ^ then for 7 by the passage e j, 0. The same methodology has 
been used in [9]. 
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We denote by (M^)" (or simply M"'^) the set of n-ples x = (x^,..., x"), such that, G 
for each j = 1,..., n. For each i > 1, let be the collection of functions g G H^(W^^) 


{/: 


pn£ 




fjs^ne \f{x)\‘^dx < oo and |V/(x)p(ix < cx)} such that = 1. For 


appropriate Schwartz distributions 0 G we consider the functional 


Sn{(p) = sup 

nt 



4>{x^ — x^)g'^{x)dx -/ \'Vg{x)\‘^dx 

l<j<k<n 2 Jr.. 


We can also represent £n, in Fourier mode 


( 1 . 12 ) 


8n{(t>) = sup 

h^A-ni. 


where 


(2i) 


<k<n 




leixor^e , (1.13) 


tnl 


c 


L 2 (Rn.) 


= 1 , 


1^1 1^(01 d^ <oo and h{^) = h{-^) )■ , (1.14) 


and for each 1 < j < fc < n and ^ G ejk{^) := ... ,^)).) is the vector in with 

all I < i < n, equal to 0 except ^ and For more details on the above 

expression, we refer the readers to Lemma 5.3 and Proposition 5.4. Using the previous 
expression, we can dehne the functional Sni'^) assuming /i is a tempered measure, by 


Snil) = sup 

hGAn£ 


(27r) 


1 

2 




(1.15) 


ih*h){ejk{0)Ad0- 

l<_ 7 <fc<n 

We will see later (Proposition 5.4) that Snij) is a real positive number under hypotheses 
(H.l) or (H.2). 

Let u{t, x) be the solution of the stochastic heat equation (1.1) with initial condition uq and 
multiplicative noise corresponding to W. We are interested in the asymptotic behavior as 

, where x^ G M^, for general covariances 7 satisfying 
dve initial data uq satisfying (1.8). In this direction. 


f —>■ 00 of the moments E 


]V=iu{t,x^) 


hypotheses (H.l) or (H.2) and nonnega 
we have obtained the following asymptotic results. 


Theorem 1.1. We assume either (H.l) or (H.2). Letuo be a nonnegative function satisfying 
(1.8). Let u he the solution to the stochastic heat equation (1.1) with initial condition at uq. 
Then for every integer n >2, 


lim sup - log 

i —>00 t 


E 


sup 






< , 


(1.16) 


and for every M such that the integral in the denominator of (1.17) below is positive and 
M' > 0 


lim inf - log 

t^cxD t (a;! 


E 


inf 


Yll=iu{t,x^) 


f. W=iPt(y^)uo(x^ + y^')dy 


> £^n(7) , 


(1.17) 


where Am is the set Am = {{y^, ■ ■ ■ w") ^ (M^)"" : \y^ — y^\ < M for all 1 < j < k < n)(i.e., 
a diagonal strip in (M^)"' ) and Am' is defined analogously. 
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The choice oi Am and Am' guarantees that we can find the exact speed of propagation 
of high peaks (see Theorem 1.3 below and the proof of Lemma 9.4). It is worth mentioning 
that the techniques in proving Theorem 1.1 could be applied to prove the following result. 


Theorem 1.2. Assume conditions (H.l) or (H.2). Let u he the solution to the stochastic 
heat equation (1.1) with initial condition Uq{x) = 1 for all x G M^. Then for every integer 
n > 2 and for every ..., x"' G we have 


lim - log E 

t^OO t 


Y[u{t,x^) 

J=1 


Sni'l) ■ 


(1.18) 


This theorem is a straightforward application of Proposition 5.6. 

Inequalities (1.16) and (1.17) can be used to show the exact speed of propagation of 
intermittent peaks. We recall the definition of lower and upper exponential growth indices 
from [11] 

A*(n) = sup < a > 0 : lim inf - sup logE|-u(f, x)|” > 0 

1 t \x\>at 



A*(n) = inf a > 0 ; lim sup j sup logE|M(f, x)|” < 0 

\x\>a.t 


t—¥oo t 


Actually in [11] (and also in other works [5,6]), the above definitions are only for one dimen¬ 
sion. However, the following result holds in any dimensions. 

Theorem 1.3. We assume either (H.l) or (H.2). Let uq he a nontrivial and nonnegative 
function satisfying (1.8). Then for each n>2, the following estimates hold 


and 


A*(n) > 


\*{n) < inf 

p 


28 n{l) 


n 


1 + lM 

2 n/? 


(1.19) 

( 1 . 20 ) 


where the infimum is taken over all (3 > 0 such that e^'^'^'^UQ{y)dy < oo. 

In addition, if uq satisfies uo{y) > for some constants (3 > 0 and C > D, then 


A*(n) > 


if fl> 


2€n ( 7 ) 


2g„(7) 


( 1 . 21 ) 


We discuss a few consequences of the previous theorem. 

1 . If Mo is nontrivial and supported on a compact set, then 


X*(n) = XJn) = 


2£nh) 


n 


( 1 . 22 ) 


Indeed, since mq has compact support, the infimum in (1.20) can be taken over all (3 > 0. 
Hence both estimates (1.19) and (1.20) yield the same bound. 
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2. If uq satisfies Cie < Mo(|/) < C 2 e for some positive constants Ci,C 2 and /9, then 


A*(n) = A*(n) 


1 + ^ if 

if ^ 


(1.23) 


This clearly follows from (1.20) and (1.21). 

In the case of space-time white noise, i.e. /i is the Lebesgue measure on M and 7 is the 
Dirac mass at 0, £n{^) is computed explicitly in [7]. Namely, 

(1.24) 

When n = 2, we recover from (1.22) and (1.23) the result of Chen and Dalang [5]. 


For some covariances, if we tune the magnitude of the noise to be small enough, the Sn{'y) 
above can actually be zero. This is called phase transition and is studied in the last part of 
the paper. To be more precise, for each hxed A > 0, let u\ be the solution to the stochastic 
heat equation 

/ 1 i~~ 

— =-l£u + \f\uW, (1-25) 

with initial condition m;v(0,(c) = 1 for all x G M^. We describe some notions of phase 
transition. The following dehnition is based on [6,11]. 


Definition 1.4. For each integer n > 2, we say that weak phase transition occurs at order 

- Q 

n, if there exist critical values A„ > A(; > 0 such that 

lim sup - log En” (f, x) = 0 

t—>co t 

whenever A < A)) and 

lim inf - logEM"(f, x) > 0 

t —>-00 t 

whenever A > A^. 

Definition 1.5. For each integer n > 2, we say that (strong) phase transition occurs at 
order n, if there exists a critical value A(j > 0 such that 

lim sup - logEM”(f,a;) = 0 

t —>-00 t 

whenever A < A(j and 

lim inf - log EM”(f, x) > 0 

t —^00 t 

whenever A > A(). 

Phase transition is studied as early as [20]. Several stochastic processes possess phase 
transition property, see for instance [6,14]. 

We will see that when the magnitude of certain noise is small enough, the growth index 
treated in Theorem 1.3 is 0, that is, there is no exponential high peaks propagating. We 
collect a few useful observations in the following result. 


Proposition 1.6. Under assumptions (H.l) or (H.2), the following statements hold: 
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(i) Weak phase transition at an order implies (strong) phase transition at the same order, 
(a) If (strong) phase transition happens at an order then (strong) phase transition hap¬ 
pens at all orders. 

(Hi) If phase transition happens then 


\l< 


I{2-k) 


4sup,>o/R^se 


(1.26) 


In other words, the function A S 2 {X'y) is nontrivial and intermittency always 
happens provided A is sufficiently large. 

(iv) If 


sup / se H{d(,) = oo , (1-27) 

s>0 


then there is no phase transition. 


Because of the previous result, it makes sense to say “transition occurs” without specifying 
the order. 


Theorem 1.7. Assume condition (H.2). Phase transition occurs if and only if 

f fx{d^) 




< oo. 


In addition, if phase transition occurs, then for all n >2, we have 

.c ^ (27r)^e 

"-or /M) ■ 

^ I5|2 

Under hypothesis (H.l), the picture is less complete. 

Theorem 1.8. Assuming condition (H.l), if 

ffiO + PiO 


(1.28) 


(1.29) 




df, < oo, 


(1.30) 


then phase transition happens. 


The paper is organized as follows. Section 2 quickly recalls some elements of stochastic 
calculus. Section 3 discusses existence and uniqueness of the solution to (1.1). In Section 
4, we obtain a Feynman-Kac formula for the moments of the solution, which is based on 
Brownian bridges. In Section 5, we study large time asymptotics of exponential functionals 
of Brownian bridges and Brownian motions. The proof of Theorem 1.1 is provided in Section 
6. Section 7 discusses results about exponential growth indices. In particular, a proof of 
Theorem 1.3 is given. Section 8 discusses results about phase transition. We present in 
that section the proofs of Proposition 1.6, Theorem 1.7 and Theorem 1.8. Section 9 is an 
appendix which contains some technical results. 


2. Preliminaries 

The space of Schwartz functions is denoted by iS(R^). The Fourier transform of a function 
u 6 iS(M^) is defined with the normalization 

IFu{fO = f e~'^^'^u{x)dx, 
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so that the inverse Fourier transform is given by = (27r) 


2.1. Stochastic integration with respect to W. We can interpret PF as a Brownian 
motion with values in an inhnite dimensional Hilbert space. In this context, the stochastic 
integration theory with respect to W can be handled by classical theories. We briefly recall 
the main features of this theory. 

We denote by Sjq the Hilbert space dehned as the closure of under the inner product 

{9,h)9,o = TT^e [ ( 2 - 31 ) 

(27r)^ J^e 

Then the Gaussian family W can be extended to an isonormal Gaussian process {W (0), 0 G 
parametrized by the Hilbert space := For any t > 0, let Tt be 

the (j-algebra generated by W up to time t. An elementary process g is an adapted step 
process with values in i^o given by 

n m 

5 '(®) ~ ^ ^ ^i,j ^’ji 

i=l j=l 

where n and m are hnite positive integers, 0 < ai < 6i < • • • < < 6^ < C)0, 0j G i^o and 

Xij are J^Q.-measurable random variables for i = 1,..., n, j = 1..., m. The integral of such 
a process with respect to W is dehned as 



g{s, x) W (ds, dx) = '^Y^ Xij W (l(ai,bi] ® 0j) • 

i=l j=l 


We use here the notation g(s, x), although g{s, •) is not necessarily a function, but an element 
of the Hilbert space i^o- Let A be the space of i^o"Valued predictable processes g such that 
Ellslll < CX3. Then, it is not difficult so show that the space of elementary processes is 
dense in A, and for g E A, the stochastic integral g{s,x) W{ds,dx) is dehned as the 

L^(G)-hmit of Riemann sums along elementary processes approximating g. Moreover, we 
have 


E 



g{s,x)W{ds,dx) ] = E|| 5 (||^,. 


(2.32) 


2.2. Elements of Malliavin calculus. We recall that the Gaussian family W can be 
extended to Sj and this produces an isonormal Gaussian process. We refer to [21] for a 
detailed account of the Malliavin calculus with respect to Gaussian processes. The smooth 
and cylindrical random variables F are of the form 


F = /(W(0i),...,W(0O), 


with (pi E S^, f E (namely, / and all its partial derivatives have polynomial growth). 

For this kind of random variable, the derivative operator D in the sense of Malliavin calculus 
is the i^-valued random variable dehned by 


DF 


X^^(W"(0l),---,W^(0n))0i. 

'7 = 1 ^ 




The operator D is closable from L‘^{Q) into and we define the Sobolev space 

as the closure of the space of smooth and cylindrical random variables under the norm 


l|Df|lu=^EF2 + E||BF|||. 

We denote by 6 the adjoint of the derivative operator (or divergence) given by the duality 
formula 

E[5{u)F]=E[{DF,u)^], (2.33) 

for any F G and any element u G L^(r2; i^) in the domain of 5. As in the one-dimensional 
case, it can be proved that the space A is included in the domain of 5 and for any u E 6, 
6{u) coincides with the stochastic integral defined above, that is, 

6{u) = / / u{s,x)W{ds,dx). 

Jo 

For any integer n > 0 we denote by the nth Wiener chaos of W. We recall that Hq is 
simply M and for n > 1, is the closed linear subspace of LJiVL) generated by the random 
variables {W„(W((/))), 0 G = 1}, where Hn is the nth Hermite polynomial. For any 

n > 1, we denote by (resp. the nth tensor product (resp. the nth symmetric 

tensor product) of ij. Then, the mapping = Hn{W{(j))) can be extended to a linear 

isometry between (equipped with the modified norm \/nT|| • ||i 3 ®~) and H„. 

Consider now a random variable F G L‘^{Q) which is measurable with respect to the cr-field 
F generated by W . This random variable can be expressed as 

OO 

F = EF + 5^4(/0, (2.34) 

n=\ 

where the series converges in and the elements /„ G S)®"’, n > 1, are determined by 

F. This identity is called the Wiener-chaos expansion of F. 

The Skorohod integral (or divergence) of a random field u can be computed by using the 
Wiener chaos expansion. More precisely, suppose that u = {u(t),t > 0} is an i^o-valued 
adapted process such that for all t > 0, E||M(f)||||^ < oo. Then, for each f > 0, the i^o-valued 
random variable u{t) has a Wiener chaos expansion of the form 

OO 

u{t) =E[u{t)] + '^In{fn{t)), (2.35) 

n=l 

where the kernels fn{t) in the expansion (2.35) are symmetric functions in In this 

situation, u belongs to A, which is equivalent to say that u belongs to the domain of the 
divergence operator, if and only if the following series converges in L‘^{Q) 

= / u{t,x) dW{t,x) = W{Eu)+ '^In+iifni-F)), (2.36) 

Jo Jr‘ 

where /„ denotes the symmetrization of /„ in all its n -|- 1 variables. 
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2.3. Brownian bridges. Throughout the paper, we denote by Ba,b = {Ba,b{s),s G [a,b]} a 
Brownian bridge in which starts and ends at 0. More precisely, Bafi{s) = {B^ ^(s),..., ^(s)) 

where G [a, 6]}, j = are independent centered Gaussian processes in R 

with covariance function 

nBibis)Bi,{r)] = {r-a){l-"^) 

for all a < r < s < 6. 

Lemma 2.1. Consider a Brownian bridge Ba,b in R^ over the time interval [a, 6] such that 
Ba,b{,o) = Ba^bip) = 0. For every fixed c G [a, b], we have the following decomposition 

Ba,b{,s) = 7 - Ba,b{c) + i?c,b(s) (2.37) 

b — c 

for all s G [c, b], where Bc^ is another Brownian bridge over [c, b\ independent of {Ba^b{s), s G 
[a,c]}. 

Proof. Let a < r < c and c < s < b. Dehne i?c,6(s) := Bafi{s) — ^f^Bafi{c). Then direct 
calculations show that {B{s),s G [c,b]} has the law of a Brownian bridge over [c,b] and 
K[Bc^i){s)Bafi{r)] = 0. These facts imply the result. □ 

For every f > 0 and hxed x,y E R^, the process Z = {i?o,t(s) + ||/ + (1 — |)a:; 0 < s < f} 
is a Brownian bridge which starts at x at time 0 and arrives at y at time t. Furthermore, 
there exists a Brownian motion {B{s)]s > 0} starting at 0 so that Z is a solution of the 
stochastic differential equation 

dZis) = dBis) + - -for 0 < s < f 

t — s 

with boundary values Z(0) = x and Z{f) = y. Using Girsanov theorem, it can be shown 
that away from the terminal time t, the law of Z admits a density with respect to B. More 
precisely, for every A G (0,1) and every bounded measurable function F on G([0, At]; R'^) we 
have 


E[F({Z(s);0 < s < At})] 

\y — x\‘^ \y — X — B{Xt)\‘^ 


= (1 - A)"2E 


exp 


2t 2f(l - A) 

For a proof of this result, we refer to [19, Lemma 3.1]. 


F{{x + B{s); 0 < s < At}) 


(2.38) 


3. Existence and uniqueness of a solution 


We state the dehnition of the solution to equation (1.1) using the stochastic integral 
introduced in the previous section. 


Definition 3.1. Let u = {u{t, a;), f > 0, a: G R^} he a real-valued predictable stochastic process 
such that for all t > 0 and x G R^ the process {pt-s{x — y)u{s,y)l[Q^t]{s),0 < s < t,y E R^} 
is an element of A. Assume that uq satisfies (1-8). We say that u is a mild solution of (1.1) 
if for all t E [0, T] and x eM.^ we have 



Pt-s{x - y)u{s,y)W{ds,dy) a.s. 


u{t,x) = (pt * uo){x) + 
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(3.39) 









Theorem 3.2. Let uo be a function satisfying condition (1-8). Suppose that the spectral 
measure p satisfies hypotheses (H.l) or (H.2). Then there exists a unique solution to equation 
( 1 . 1 ). 

Proof. It can be proved that a solution u{t,x) admits the chaos expansion 


U{t,x) ='^Inifn{-,t,x)) , (3.40) 

n=0 

where 


fn{Si,X^, . . . ,Sn,x"',t,x) 


= * Uo){x ^^^^), (3.41) 


and a denotes the permutation of {1,2,..., n} such that 0 < So-(i) < • • • < So-(n) < t (see, for 
instance, formula (4.4) in [17] or formula (3.3) in [15]). 

To prove the existence and uniqueness of the solution, it suffices to show the convergence 
of the chaos expansion (3.40) in L‘^{Q), that is. 


^n!]|/„(-,f,a;)]||®. 


< oo. 


(3.42) 


n=0 


As in [16], we have, with the convention So-(„_|_i) = t, 


n'.\\fn{-,t,x)\\l^ 

91 [ f 


i=i 


, |2 ^ 

xlFuo{Qe 2 d(\ p,{df)ds 


91 f f 
91 f f 


JJ'g 2 ('*<^o+i) dC p{df)ds 

i=i 


xe“'^J^Mo(C)'^C p{df,)ds, 

for some constant C > 0, where = 11^=1 ds = dsi---dsn- Then by 

Plancherel’s theorem, and the fact that 

11 


(3.43) 










for every ?/ G we have 

r f r f 2 TT\^ 


J[o,t]'^ Jr'^^ Jr^ \ ^ / j^i 

1 ^ 2 
“9 5Z(®<"0+i) “ ^<^0))+ • • • + C^^'^\^)uo{y + x)dy y{d^)ds 


i=i 


< 


Cr. 




27]-\ 2 /I 

exp (-| 5^(s^o+i) - s^ 0 ))(r^^^ + • • • + 

i=i 


.-J 


O') 4_ . . . _i_ ;ro'(l)'i|^ _ 1^1 

2t 


1 2 

■9 - 5^0)) + • • ■ + \uo\{y + x)dy y{d^)ds. 


i=i 


As a consequence, we can write 

n!||/„(-,t,a;)|||®„ 
C^(27r)2^ 


< 


n\ 


{pt * |Mo|(a:))^ / / exp (i| V(s<,( 7 +i) - s^( 7 ))(e 


<^ 0 ) q. . . . _|_ 


n 

Vi+I) - Mi))lr“' -K • • ■ + r'‘f 


i=i 


= C^{27rr{p,*\uo\{x)y 


[ [ exp(y|^(s7+i-S7)(f+ --- + e^)f 


“ 5Z(®i+i “ + • • • + ^^Pjp(ciOc^s , 

i=i 


where 


[0, t]< := {(ti,..., t,,) : 0 < < • • • < < t}. 

Finally, the convergence (3.42) follows from Lemma 9.3 in the appendix. 


(3.44) 

□ 


4. Feynman-Kac formula for the moments in terms of Brownian bridges 

We collect some auxiliary results which are needed to prove our main results. 

Lemma 4.1. Let 7 : —)■ M 6 e a bounded function whose Fourier transform (spectral 

measure p) is a nonnegative tempered measure. Let G = {G ^,..., G"') G (M^)" be a centered 
Gaussian process indexed by [0, t]. For every function y = {y^^)i<j<k<n : [ 0 ,t] —)■ (M^)"'(” 
and real number a G M, we have 

Eexpl f a-f{Gl - GJ + yf)ds I < Eexp | / Y - Gs)ds I . (4.45) 
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Proof. It suffices to show that for every d > 1, 


E 


t r r i 

/ Y1 07(G'- Gj + sf )* <E / 5 ; |a| 7 (Gi-G;K 


l<j'<A:<n 

Fix d > 1 . We can write 


l<j<k<n 


(4.46) 


E 


t W d 

/ E '’'(C'i -P + = E / n 5^ 7(Gi, - Gj, + 

“^0 l<j<k<n J g=l l<7<fc<n 


g=l l<j'<A:<n 


n d 

l<im<fcm<n'^[0’4 q=l 


liGt - Gi’ + yif-)ds. 


q • 


l<7n<d 


Using formula (1.3), the right-hand side in the above equation is the same as 




^ f f 

l<m<d 

where fi{d^) = /i(d^^) ■ ■ ■/i((i^'^) and ds = dsi ■ ■ ■ dsd- It follows that 


E 


r E «7(Gi - G‘+ sf )* 

Jo 


n d 


l<j<k<n 


< |a| 


E 


f E 7(Gi-G‘ + sf)* 

Jo 


n d 


l<j<k<n 


= \a\ 


l<m<d 

• V'-'fi >g 

Applying the triangle inequality, noting that Ke is strictly positive and 

|e*z^q=i? -Vsq 1 = 1 ^ the above quantity is at most 

la^E E / / 

l<Jrr.<krn<nP0,tF 

l<7n<d 


which is the same as E 


Jo Ei<i<fc<n HliGi - G'l)ds 


, by our argument at the beginning 


of the proof. Hence, we have shown (4.46) and the result follows. 


□ 


The next proposition is the key ingredient in the proof of the Feynman-Kac formula for 
the moments using Brownian bridges. We recall that 7 ^ is defined in (1.11). 

Proposition 4.2. Suppose that the spectral measure satisfies hypotheses (H.l) or (H.2). Let 
K be a real number. Then for each e > 0, the function 

F,{x\ ... ,x'^) = Eexp Ik f E 'J'^i^oAs) - B^is) + x^ - x^ds 

I l<j<k<n 
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is well-defined and continuous. Moreover, as e J, 0, converges uniformly. We denote the 
limiting function as 



Remark. Actually, for each 1 < j < k < n, the integral 

7 (^ 0 ,i(s) - FF - x'")ds 

converges in U’{Vt) as e tends to zero, for each p > 1, and we can also denote the limit as 






Proof. We claim that for every k G M 


sup E exp 

e>0 


Y1 76(5^,t(s) - B^ fis))ds I < cx). 

l‘^j<k<n J 


(4.47) 


By Holder inequality, it suffices to show the previous inequality for n = 2. This is obtained 
by noting that \/2Ro,t and the hniteness comes from Step 2 and 3 of Lemma 

9.3. 

We now show that converges uniformly as e J, 0. Applying Lemma 4.1 and the estimate 
(4.47), we see that for all k G M 


sup sup Eexp I K / ^ ■yfiBi fis) — B^fis) + — x'^)ds j < oo. 


e>0 


l<j'<A:<n 


As a consequence, applying the elementary inequality + e”)(a — 6), Cauchy 

Schwarz inequality and the previous estimate, we obtain 


|F..(i)-F.(i)| <C 




{s)-B'^ fis)+F -x^)ds 


for all e' > e > 0. Together with Minkowski inequality, we see that sup 2 ,g]g<; — Ffix)\ 

is at most a constant multiple of 


sup > 

3;6R^ ^ 


l<j<k<n 

n{n — 1) 


E - Bl(s) +xJ- 


E ( (7. - lefiiBlfis) - Blfis))ds 
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where the last line follows obviously from the proof of Lemma 4.1. For every e' > e > 0, as 
in the computation of (9.85), we have 




= 2 




exp ^ + • • • + — Sj) + 

i=i 

X f[ 

i=i 


H—h ^■^)(sj+i 
i=i 


fi{d^^)^{d^‘^)dsids2. (4.48) 


Then from the proof of Lemma 9.3 and the dominated convergence theorem, we see that as 
e, e' I 0, the right-hand side of (4.48) converges to 0. It follows that as e 0, converges 
uniformly to a continuous function. □ 


Notice that the proof of Proposition 4.2 uses only the uniform exponential integrability 
and the inequality |e^ — e^| < (e^ -|- e^)|a: — y\. As a consequence, the result still holds if 
we replace Brownian bridges by Brownian motions, as it is shown in the next proposition, 
which has its own interest. 

Proposition 4.3. Suppose that the spectral measure satisfies hypotheses (H.l) or (H.2). Let 
K be a real number and {B^{s),s > 0}, j = 1,... ,n, be independent Brownian motions in 
Then as e J, 0, the random variables 


Ge{x ^,..., x") := exp 



7e(5^(s) 

l<j<k<n 


-B\s)+F 


x^)ds 


converge in Lp{Q) for every p > 1 to a random variable which we denote by 



B’^{s)+F 



Proof. Using similar arguments as Proposition 4.2 first claim that for every k e R, 


sup E exp 

e>0 


- B\s) + x^ - x’^)ds \ 
i<j<k<n J 
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< CXO . 


(4.49) 




By Holder inequality, it suffices to show the previous inequality for n = 2. For every d G M, 
we have 


E 

= E 

< d\ 

< d\ 


uo 


-t -\d. 

7 e(i?^(s) — — x^)ds 

t r -id, 



UO 




exp 




exp 


IJ,f:{d^)ds 

+ •• • + f |^(sj+i - Sj)\i,i,{dOds 
j=i j 

y~] —1^^ + • • • + ^'^r('Sj+i — Sj)\^{d^)ds , 


i=i 


using Taylor expansion and following the proof of Lemma 9.3 we prove the claim. Then we 
follow the same lines of the proof of Proposition 4.2 to get, for any e' > e > 0, 


|Ge(a;\ ... ,x”) - Gb{x^, 


< C 


E (£(7. - 


1 1/2 


< c 




exp<; + + f |^(sj+i 

/=i 


XIII - e-'K'l- 


n 

/=i 


IJ,{d^^) IJ,{d^‘^)dsids2 


1/2 


then it follows from the proof of Lemma 9.3 and dominated convergence theorem that as 
e, e' J, 0, the above expression converges to 0, this completes the proof. □ 


In the sequel we will make use of the notations 

r(a:) = ~ = Y1 ~ y^ 


(4.50) 


As an application, we have the following Feynman-Kac formula based on Brownian bridges. 

Proposition 4.4. Assume conditions (H.l) or (H.2). Suppose that the initial condition 
satisfies condition (1-8). Suppose that {i?Q^(s),s G [0,f]}, j = l,...,n are independent 
Brownian bridges. Then for every x^,... ,x"' G 


E 


Y[u{t,x^ 

./=i 


E«xp.J / ^ 7 - B/,(s) + x' - a:* + ifo'-/)) ds 

(4.51) 




X + y^)Ptiy^)]dy^ ■■■dy 

i=i 
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Proof. For any e > 0 we denote by Ue(t,x) the solntion to the stochastic heat eqnation 

Ou^ 1 

-^ = -AUs + UsW^ , m( 0 , •) = Mo(-)) 

where is a white noise in time and it has the spectral spatial measnre . From 

the resnlts of Conns [10] we have the following Feynman-Kac formnla for the moments of 


E 


Y[ue{t,X^) 

J=1 


= E 


Y\_uo{B^{t) + x^) exp 


^i=i 





B^(s) + (x^ 



(4.52) 


where B^ are independent ^-dimensional standard Brownian motions. We remark that in 
[ 10 ] it is reqnired that 7 is a non-negative fnnction, which is not necessarily trne for %. 
However, 7 ^ is bonnded, and, in this case, it is not difhcnlt to show that (4.52) still holds. 

For each j = 1,... ,n and every hxed f > 0, the Brownian motion B^ admits the following 
decomposition 

= + (4.53) 

where {Bq^(s),s G [0,f]}, j = l,...,n are Brownian bridges on independent from 
{B^(t), 1 < J < n} and from each other. Thns, identity (4.52) can be written as 


E 


Y[ueit,X^) 


.3 = 1 


JJ[no(a:^ + y^)pt{y^)]Eexp 


j=i 



F,(Ho,i(s) + X + -y)ds 


dy, 

(4.54) 


where Fg is dehned in (4.50). 

From Proposition 4.2 and the dominated convergence theorem, the right-hand side of 
(4.54) converges to the right-hand side of (4.51). From the Wiener chaos expansion and the 
compntations in the proof of Theorem 3.2, it follows easily that Ue{t,x) converges in L^(r2) 
to u{t, x). On the other hand, from (4.54) it follows that the moments of all orders of Ue{t, x) 
are nniformly bonnded in e. As a conseqnence, the left-hand side of (4.54) converges to the 
left-hand side of (4.51). This completes the proof. □ 


In fact, for regnlar fnnction V, Feynman-Kac formnlas based on Brownian bridges for the 
solntion of ^ — Au = uV are not new and we refer the readers to [18] and the references 
therein for fnrther details and other applications. 


Remark 4.5. If the initial condition mq is nonnegative, one can show that u{t,x) > 0 a.s., for 
alH > 0 and x G M^. This follows from the fact that u^{t, x) is nonnegative for any e, where 
Us is the random held introdnced in the proof of Proposition 4.4. 


5. Large deviation and approximation of covariance function 

In this section we give some key resnlts that are need in proving Theorem 1.1. We hrst 
give some resnlts from large deviation theory, which can be applied to the case when onr 
covariance is a continnons and bonnded fnnction, see Lemma 5.1. Then for the general 
covariance, we will approximate it nsing the regnlarized covariance fnnction ( 1 . 11 ). 
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Lemma 5.1. Let {i?o,t(s),s G [0,t]} be a Brownian bridge in ML. Let F : M"" —)■ M 6e a 
bounded continuous function. Let o(l) be a quantity such that o(l) —)■ 0 as t ^ oo. Then, 
for every fixed Xq G M"", 


lim - log sup E exp 


t—>CO t 




F (^Fo,t(s) + Xo + ds 


where 


= lim - log 

>oo t 

= SiF), 


inf E exp 
l?/l<o(l)i 



S{F) = sup I f F{x)g‘^{x)dx — - 
geXn Ur" 2 


\Vg{x)\^dx 


(5.55) 


Proof. We note that £{F) = £{F{- + Xq)). It suffices to show that 

limsupylog sup Eexpl [ F (Bo^tis) + xq + ^y) ds\ < £{F{-+ xq)) 

t^oo t \y\<o{l)t wO ^ } 


and 


lim inf-log inf Eexp <[ f F (Botis) + Xq +-y') ds\ > £{F{-+ xq)) . 
t^oo t \y\<o{i)t [.Jo ^ ^ ^ ) 

Upper bound: Fix A G (0,1). From (2.38), we see that 


(5.56) 


(5.57) 


ii: 


If 


Eexp<( / F(Fo,i(s) + Xo +- 2 /)(is j < (1 — A) 2 ]Eexp <( j F{B{s) + Xo)ds + 
where F is a Brownian motion. It is obvious that 


Ivl' 

2t \ ’ 


+ Xo + ^y)ds )■ < 


Eexp{/ F(Fo,i(s) 

Together with [3, Theorem 4.1.6], we have 

1 ( s 

limsup-log sup Eexp < / F(Fo,t(s) + xo H— y)ds 
t—>0O t |■!^|<o('l)^ [Jo ^ 


1 


r*Xt 


< (1 — A)||F||oo + limsup - logEexp < / F{B{s)+Xo)ds 

i-J-oo t [Jo 

= (l-A)||F||oo + A£(F(- + xo)). 


By sending A ^ 1“, we obtain (5.56). 

Lower bound: Fix A G (0,1) and F > 0. Let {F(s); s > 0} be a Brownian motion and A 
be the event {supo<s<Ai |-B(s)| < R}. Again from (2.38) we see that 


Eexp 


'‘At 


F{Bo,t{s) +xo + -y)ds 


> (1 - A)" 2 E 


1a exp 


r*At 


F(F(s) + Xffjds + 


\yl 

2t 


\y-B{Xt)\^ y 
2t{l-X) j ' 


0 
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On the event A, we have for every \y\ < o{l)t, 

\y? 


2t 


2t{l - A) 


> -o(l)C'(i?, A, |a:o|)t 


for some deterministic positive constant C{R, A, |a;o|) depend only on R, A and |a;o|. We also 
note that 

Eexp F{Bo,t{s) + xq + ^y)ds^ > e-ll^ll-(i-W. 

Upon combining these estimates together with the argument of [ 8 , Proposition 3.1], it follows 
that 


1 


li 


liminf-log inf Eexp < / FiBoAs) + xq-\ — y)ds 

*—>■00 t |j/|<o(l)* ’ ’ 


> -||-F'lloo(l - A) + liminf -logE 

*->oo t 


t' 


1 a exp 


r-A* 


F{B{s) + Xo)ds 


>-||-^lloo(l - A) + Asup / F{x + Xo)g'^{x)dx - - \Vg{x)\‘^dx 


'D 


> D 


where D = {x ^ : |x| < R} and the supremum is taken over all smooth functions g on 

D such that Us'llLap) = 1 and g\gj^ = 0. By sending A ^ 1“ and i? —)■ oo, we arrive at 
(5.57). □ 

We recall that, for any e: > 0, is the bounded covariance function dehned in (1.11). 

Lemma 5.2. Suppose that the spectral measure y satisfies hypotheses (H-1) or (H.2). Then 
for every a E R, Xq = (xg,..., Xg) G (M^)"^, 

lim lim sup - log sup 

^10 *->00 t ■,j=l,...,n 


Eexp 


{“/ ^ 


(7 - - B^fis) + {xl - x^) + -{y^ - y^))ds }> < 0 . 


Proof. Thanks to Lemma 4.1, we can assume that a > 0 and x = y = 0. In addition, by 
applying Holder inequality, we can assume that n = 2. By subadditivity (Lemma 9.2), we 
see that 

Eexp |a^ (7 - -f,){Blfis) - Blfis))ds^ < C (^Eexp |a^ (7 - -ff){Blfis) - Blfis))ds 
where [tj is the integer part of t and 

C = sup sup Eexp |a / (7 - %){Blfir) - 5^ (r))dr| . 

We observe that by similar computations to (9.85), 


[t\ 


C < sup Eexp 

0<s<l 


- BlAr))dr^ ■ 
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The term on the right is finite by Lemma 9.3. To complete the proof, it remains to show 
that 


l]mEexp{a^ (t - 76)(5o,i(s) - Sji(s))ds} = 0. 


(5.58) 


Indeed, by Taylor expansion and Tonelli’s theorem 
Eexp 


(7-7e)(5d,i(s)-5o,i(s))c?s| = - Bl^{s))ds 

From the proof of Proposition 4.2, it follows that that the above series converges uniformly 
in e, because the spectral measure of 7 — 7 ^ is uniformly bounded by the spectral measure 
of 7 , and that for each d, the expectation 

d 


E fa j\l - 7,)(Sti(») - -S„",i(s))*) 


converges to 0 as e tends to 0. Hence, an application of dominated convergence theorem 
yields (5.58). □ 


(5.59) 


Lemma 5.3. Under the assumptions (H.l) or (H.2), 

0 < inf£’„(7,) < sup£’„(7,) < cx). 

<^>0 e>0 

Proof. Applying Jensen inequality, we see that 

E exp I f Yi f E I ■ 

l<j<k<n ) [Jo J 

By the same argument as in Lemma 4.1, the later term is at least 1. The first inequality 
in (5.59) follows. The second inequality is trivial. We begin showing the last inequality in 
(5.59). We first observe that by the Markov property of Brownian motion and Lemma 9.3, 
the map 

r E 


t log E exp 

is finite and subadditive. As a result, the limit 


1 


lim - log E exp 

i—>-oo t 


I r E - -B.*)*} 

L ^ l<j<k<n J 


l<j<k<r 

exists and is finite. We denote the limiting value as A. By standard result on Feynman-Kac 
functional (see for instance [3, Proposition 4.1.6]), for each e > 0 we have 


Pn(7e) = lim - logEexp 

t—)-oo t 


^ l^j<k<n 

On the other hand, reasoning as in Lemma 4.1, we have 

ft 

Eexp i/ E 7 ,(H^' -B^)ds} < Eexp 

l^j<k<n 


(/' E 7(B^-S‘)<i4 

l<j<k<n J 
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As a result, £’n( 7 e) < A for all e > 0 , which concludes the proof. □ 

We need the following convergence result. 

Proposition 5.4. Suppose that the spectral measure pi satisfies hypotheses (H.l) or (H.2). 
Then, 

{%) \im.8n(cie) = , (5.60) 

{a) 0 < Sn{'y) < oo . (5.61) 

Proof. We claim that the following alternative representation of Sni'ye) holds 

5^ 


^nile) = sup I (27r) ^ 




where we recall that 
Ane= -{h-.R^^ 




= 1 , 


(5.62) 


1^1 1^(01 <oo and h{^) = h{-^) )■ , (5.63) 


and for each 1 < j < k < n and ^ G ejk{f) := (Cj*.,..., ffk) is the vector in with all 
Cjky 1 < * < equal to 0 except = f and To show (5.62), for any 1 < j < k < n 

and any g G we can write 

1 r 


— x^)g‘^{x)dx = 


{27iY 

1 

(27r)^ 




’ g^ [x) pi{dff)dx 


Let us put h = p^p^^^Tg. Then, (5.62) follows from |||^P|h(0Pd^ and 
J^g^ = h * h. We note that the convolution h * h is a continuous function, so the quantity 
{h* h)(ejfc(0) (5.62) is well-dehned. 

We can now proceed to the proof of the convergence (5.60). First, notice that, for any 
h G Ani, |h| is also in Ani, thus 

1 
2 


sup(27r) 

e>0 


-I 


e "l«l'(|h| * \h\){ejk{0)p{df,) < ^ ^ + sup^„(7, 

l<j<k<n 

which is hnite by Lemma 5.3. Then, it follows from monotone convergence theorem that the 
integration 

(27r)-'/' ^ (|/!| » 

l<j<k<n 

is well-dehned and hnite for all h G Ani- Hence, we can apply the dominated convergence 
theorem to obtain 


lim£:„(7£) > lim(27r) 

£ 4.0 £ 4.0 


-i 


= (2vr) 




/ i 

l<j<k<n 

Y {d*h){ejk{i))p{di)-^ 

^-<3<k<n 
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The converse inequality is obvious, because for any h G Ane, \h\ also belongs to An^ and 

f h)(ejfc(0)/^(d0 < [ {\h\ * \h\){ejk{0)f^{d0- 

JRi Jr^ 

This completes the proof of {i). 

Finally, {ii) is a direct consequence of (i) and Lemma 5.3. □ 

Proposition 5.5. Suppose that the spectral measure satisfies hypotheses (H.l) or (H.2) and 
Bq^{s), 1 < ? < n, are n independent i-dimensional Brownian bridges. Denote i?o,t(s) : = 
(i?g j(s),..., Bq ^{s)) and x = (a:^,..., x"-),y = {y ^,..., y^) G For each M > 0, let 

Am be the set defined in Theorem 1.1. Then for every x G 


lim - log sup E exp 


t—>-oo t 


ye(R^)" 


= lim - log inf E exp 

*->•00 t V & Am 

= £nb) ■ 


Y. ^ - BiM) + ( A - x”) + fyl - /)) ds 

l<j<k<n 

f ^ 


7 - Soa(s) + - yl) ds 


(5.64) 


Proof. We recall that T and are defined in (4.50). By Lemma 4.1 and Proposition 4.2, it 
suffices to show 

1 


and 


lim sup - log E exp / T{Bo^tis))ds < Sni'y) 
*—>■00 t Jq 


lim inf-log inf Eexp / r(i?o*(s) + xH— y)ds > Snil) 

t^OO t V&Am In ’ t 


(5.65) 

(5.66) 


Upper bound: For any p,q > 1, p ^ + q ^ = 1, applying Holder inequality, we have 


logEexp<j / F(Ho,t(s))(is }> < - logEexp <j p / T^{Bo,t{s))ds 




From Lemma 5.1, we see that 

1 


T^logEexpjg^ (F - F,)(Ho,t(s))cis 


lim lim - logEexp p / T^{Bo,tis))ds > = SniP'le)- 
£.1-0 *^00 t 


Moreover, by Proposition 5.4, 


\im Sn{p%) = Snip'f). 

eXO 


On the other hand, it follows from Lemma 5.2 that 


lim lim sup - logEexp ^q j (F — T^){Bo^tis))ds [■ < 0 . 

clO *->oo t 


Altogether we obtain 


lim sup 

t^OO 


i logEexp F(Ho,t(s))ds| < ^Snip'j) 
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for any p > 1. Since Sn{p'y) is monotone in p by its definition, we may send p 1 to get 
(5.65). 

Lower bound: We follow a similar argnment. From Holder ineqnality, we have 

rt 


plog inf Eexp 

V&Am 


{-i 

Vp Jo 


r,(Ho,t(s) + x + -y)ds 


V&Am 


< log inf Eexp < / r(i?o,t(s) + x + -y)ds 


p 


Q v&Am 


q 


+ - log snp Eexp < — / (F - Fj(Ho,t(s) + x+ -y)ds \ . 


PJo 


t' 


Using the previons argnments, we obtain (5.66). This completes the proof. □ 

With the same methodology, we have the following resnlt whose proof is left to the readers. 

Proposition 5.6. Suppose that the spectral density satisfies hypotheses (H.l) or (H.2). Let 
{Bio > 0}. 1 < i < n, he n independent Brownian motions in Then for every y = 
{y^,...,y^) e 


(5.67) 


^lim ^ logEexp I / ^ 7 {Bl - B'^ + y^ - y^) ds I = 8n{i) ■ 

°° l<7<fc<n J 


6. Proof of Theorem 1.1 


We prove Theorem 1.1 in this section. For the sake of conciseness, we assnme that ^ = 1. 
The case of higher dimension works ont analogonsly. We recall the notation of F and F^ 
defined in (4.50). 

Proof of (1.16). For every fixed e > 0 and x G M"', from Lemma 4.1, we see that 


Eexp 


}<Ee.p{^‘ 


F,(Ho,t(s) + x)ds ^ < Eexp / F,(Ho,t(s))ds 


By passing throngh the limit e J, 0, employing Proposition 4.2, we obtain 


Eexp 


F(i?o,t(s) + x)ds [■ < Eexp 


0 


F(5o,t(5))d6 


for all X G 


Hence, applying the previons ineqnality in (4.51) yields 

rt 


E 


nM(u 

-j=i 


a;-' 


< * Mo)(a:^)IEexp <| j F(Ho,t(s))ds 

i=i 


'0 


It follows that 


E 


snp 


UJ=iu{t,x^] 


xeR U.]=iiPt * Uo ){ x ^) 

Applying Proposition 5.5 yields (1.16). 


<Eexp<^ / F(Ho,t(s))ds 


( 6 . 68 ) 

(6.69) 

□ 


The lower bonnd reqnires a little bit more work. 
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Proof of (1.17). We consider the map r/ : R" —)■ rj(^x) = {x^ — x^)i<j^k<n- For 

every fixed M' > 0, clearly Am' = M', Lg^ 5 be a positive number. Let 

{Ih}h=i Fe a finite disjoint partition of [—M', fg]. gg^gp 1 < h < iV, 

is nonempty and diag(//i) < 5. For each h = 1,..., A^, we choose an arbitrary Xh = {xjfjf^i 
in ri~^{Ih)- It is useful to note that for every z G R”, the expression 


Eexp < / T{B^ 


50,t 


z)ds 


depends only on r ][ z ). 

For each e > 0, p, g > 1 such that p~^ + q~^ = 1, applying Holder inequality, then Lemma 
5.2, we see that 


Eexp < / F(i?o,t(s) + a; H— y)ds 


> (Eexpj^y V + X + ^ y)ds 


X I^Eexp ^ (r - F,)(Ho,t(s) + a: + 

> I^Eexp F,(Ho,t(s) +X +^p)cis|^ (<F,(f))“s 


where <Fe(t) = Eexp jJ(F — Fe)(Hoa(s))ds|. For each h = 1,..., A^, x G r/ we have 


Eexp I-/” F,(Ho,t(s)+X +y|/)ds 

Ip Jo t 

= Efexp|^y r^{Bo,t{s 


^y)ds 


xexpj- [ [r^{Bo,t{s) + X + ^y) - r,{Bo,t{s 
IP Jo r 

> e-?ll^^^ll°“'*Eexp y'F,(Ho,i(s) + Xh + ^- y)ds \ . 


^ y)]ds 


Thus, for each x G Am> and y G Am, 


E 




F(Ho,t(s) + X + - y)ds 


> r inf inf Eexp I- / FJHot(s 

\l<h<Ny&AM \p Jo 


\y)ds 
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Hence, it follows from (4.51) that for every x G Am' 


E 


-i=i 


X-' 


- f fluo{y^)pt{y^ - x^)E (exp [ T{Bo^t{s) + x + ^{y - x))ds\dy 

^ j = l \ ’^ 0 J 

> (<l>,(f))"?e"5ll^r,||oo<5t 

inf Eexpi- / T^{BQ^t{s) + Xh +^{y - Xh))ds 
gAm [pJo t 


X mm 

he{i,...,N} \ yeAM 


X 


Yluo{y^)pt{y^ -x^)dy 


IM j=l 


The above estimate yields 


1 


E ]V=iU{t,X^) 


liminf-log inf „ / x / ■ x , 

t^oo t xeA^, nj=i Uo(y^)pt(y^ -x^)dy 

_ _,g m___ 

t —^■oo t /iG{1,...,A^} v^Am 


p f 1 / S 

>hminfhlog min inf Eexp < - / rg(i?ot(s) + H— iy — Xh))ds 

■ ^ - . (p Jo 


t 


pi 1 

-limsnp-log<h,(f) - -||Vr,||oo5. 

q t^-oo t 2 


On the other hand, for every hxed M, M' and 5, N, N' are hxed hnite numbers, thus applying 
Lemma 5.1 we obtain 

lim i log min inf Eexp I - / r(Ho,i(s) +Xh + ^y)ds \ = 8n{p~^T ^). 

i —>-00 i u^Am Jq t J 

Therefore, for every e, 5 > 0, 

1 


liminf-log inf ■ 

t^co t xeA^, n7=i uo{y^)pt{y^ - x^)dy 


'Am L 

>pSn{p~^T^) - - lim sup i log 4), (f) - ^||Vre||oo^. 

t—>-00 h Z 

Thanks to Lemma 5.2, we can send 5 J 0, then e J 0, and hnally p J 1 to obtain (1.17). □ 

7. Speed of propagation of high peaks - Proof of Theorem 1.3 
Proof of Theorem 1.3. We hrst show the upper bound (1.20). We observe that 

sup Eu^{t,x) < ( sup ) ( sup {pt*uo){xY 

\x\>at yym.AVt* UQ)[y) j y|a;|>at 

It follows from (1.16) that 

1 1 f \y — xY 

limsup-log sup Eu'^{t,x) < £’^( 7 ) + n limsup - log sup / exp(--- )uo{y)dy. 


t^OO 


t 


|x|>Q:£ 


t —^00 


t 


|ic|>a£ » 


2 f 
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Let /9 be a positive number such that L := e^^^^Uo(y)dy is hnite. Then, using the inequality 


exp{-^-^^ - ld\y\] < exp{^ - I3\x\], 


we get 


and, hence. 


It follows that 


sup / exp(- 

\x\>od JW- 


\y ~ \ t T 


2t 


■)uo{y)dy < Lexp{^- (dat) 


limsup-log sup / exp(- 

i—>-oo t \x\>atJM.^ 


-— )uo{y)dy < — - . 


1 

lim sup - log sup EM"(t, x) < Snil) H —^ - n/3a . 

t->-oo t \x\>at d, 


The above inequality shows 


A*(n)<^ + ^. 


n(d 2 

Since jd can be chosen arbitrarily so that ey^^Ao(y)dy < oo, we derive (1.20). 
Next, we show (1.19). Fix M > 0. We start with the estimate 


sup Eu"^(t,x) > I iiT 

jxj>at 


Eu^(t, x) 


r rr« / / i / T\MyApt{y^-Ady] ■ 

jAM^A=i^AyApt{y^ -x)dy I \\x\>atJAMfJi I 

(7.70) 

Since uq is nontrivial, we can choose a positive number K sufficiently large so that the 
integral ^YUQ{y)dy is nonzero. We then choose M such that Am contains ([—77,77]^)”. 
From (7.70), applying (1.17), we obtain 


lim inf - log sup Eu"'{t, x) > Snij) + n lim inf - log sup 


t—>CO t 


\x\>at t \x\>at J[-K,K]^ 

For every |x| > at and y G [—77,77]^, by triangle inequality, exp{—} is at least 
exp{—}, thus 


Uo{y)Pt{y - x)dy. 


lim inf - log sup 


t—^OO t 


\x\>Q.tJ[-K,KY 


Uo{y)Pt{y - x)dy 


1 ( , . i {K+q 

> lim inf - log {2nt) = e 2‘ 
t^oo t y 


aty 


'[-k,kY 


uo{y)dy = 


a 


It follows that 


1 TLOl 

lim inf-log sup Eu'^{t,x) > Snij) - 

t \x\>at 2 


which in turn, implies (1.19). 
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Finally, we show the estimate (1.21). We put a = (a,0,...,0) G Applying (7.70), 
(1.17) together with our current assumption on mq, we obtain 


lim inf - log sup x) > Sn{'^) + lim inf - log 


>-oo t 


\x\>at 


t—>-oo t 


/ /! + 

J = 1 


]^e - at)dy 


where we have set A'lj = {y E Am '■ y^ G [0, cxd)^, Vj = 1,..., n}. Together with Lemma 9.4, 
we have 


1 


lim inf - log sup En"(f,a;) > Sn{l) + 

t \x\>at 


^ - n/3a if a> (3 


na 

2 


if a < (3 


In the case (3‘^ < 2£ni'l)/n, for every a in {(3, + |) it follows 


lim inf-log sup E,u^(t,x) > 0. 


t—>-oo t 


\x\>at 


This shows A*(n) > + |. In the case (3“^ > 28n{'^)/n, for every a < we can 


write 


1 TIO? 

lim inf - log sup x) > Sni'j) - — > 0 . 


t—^OO t 


\x\>at 


This shows A*(n) > Summarizing the two cases, we obtain (1.21). This completes 

the proof. □ 

We conclude the current section with a few observations. The proof of Theorem 1.3 indeed 
yields more information. Let us consider two separate types of initial conditions. 

1. Mo is nontrivial and compactly supported. Then, for every a > 0, we have 


1 TIQ.^ 

lim - log sup Ew”'(t, x) = Sni'y) -^ 7 " 


t—)-oo t 


\x\>(yt 


(7.71) 


2. uq satisfies Cie < Uo{y) < C 2 e for some positive numbers Ci,C 2 and (3. Then, 
for every a > 0, we have 


1 


lim - log sup Mu'^{t,x) = Sni'j) + <( 

t^oo t \x\>at 


^ - n/3a if a> (3 


na^ 

2 


if a < f3 


(7.72) 


8. Phase transition 

In the current section, we give the proofs of Proposition 1.6, and Theorems 1.7 and 1.8. 
First, we need the following lemma. 


Lemma 8.1. For all integers 1 < p < q, the following inequalities hold 

4 ( 7 ) ^ ^qil) 


P 


q 


SuHq-lh) ^ gg(7) ^ 4(frT7) 


q 
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P 


(8.73) 

(8.74) 















where for every A > 0, £h{,^i) is defined as 


= sup 


A(27r) 


-£ 


\ih*hm\^f,{do- / iMorier^ie 


Proof. The estimate (8.73) is obtained by applying Holder’s inequality together with (8.80). 

The first inequality in (8.74) is obtained by restricting the supremum in (1.15) to the set 
{(x^ ..., x"') I—)■ h{x^) ■ ■ ■ h(x"') : h G A(}. We will use hypercontractivity to show the second 
inequality in (8.74). Let {Pt-},->o denote the Ornstein-Uhlenbeck semigroup in the Gaussian 
space associated with the noise W. For a bounded measurable function / on we have 
the following Mehler’s formula 

P,f{W) = E7(e-"hF + x/1 - e-2-W'), 

where W an independent copy of W, and E' denotes the expectation with respect to W. 
For each r > 0, let Mr ,a be the solution to equation (1.1) driven by the space-time Gaussian 
field '/A(e~'^lV + \/l — e~‘^'^W'\ with initial condition uq = 1. That is, 

Ur,x{t,x) = 1 

+ '/X [ [ Pt-s{x-y)ur,x{s,y){e~'^W{ds,dy) + VT^^e^W'{ds,dy)) ■ 

Jo Jr‘ 

From Mehler’s formula we see that PrUx = Evi//[Mr,A] satisfies the equation 

PrUx{t,x) = l + \/Xe~'^ / pt-six - y)PrUx{s,y)W{ds,dy) ■ 

Jo Jm.^ 

In other words, PrUx is another solution of (1.25). By uniqueness, we conclude that PtUx = 
Me-2^A- On the other hand, it is well-known that the Ornstein-Uhlenbeck semigroup verifies 
the following hypercontractivity inequality 

I|PMII,m < ll/llp (8.75) 

for all 1 < p < oo and r > 0, where g(r) = 1 -|- e‘^'^{p — 1). Hence, applying the hypercon¬ 
tractivity property to our situation yields 


\\Ue-2rx{t,x)\\g(r) < \\Ux{t,x)\\p (8.76) 

for all f > 0,x G and r > 0. We now choose r so that g(r) = q. Passing through the 
limit f ^ cxo in (8.76), employing (8.80) and the relation obtain 

U,(^A7) < 

q q — 1 p 

which is clearly equivalent to (8.74). □ 

Remark 8.2. (i) In [1], the author uses hypercontractivity on each Wiener chaos to obtain 
an upper bound for p-th moment of u. Gomparing with the use of hypercontractivity in 
proving (8.74), these two methods certainly share the same flavor. Here, we applied hyper¬ 
contractivity directly on the solution instead of on each Wiener chaos. Our method avoids 
some unnecessary constants and is therefore more transparent. 
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(ii) It is interesting to observe that (8.74) implies that n i—)■ 




IS nonincreasing. 


Thus, the limit hm„_j.oo always exists. In fact, it is shown in [9] that under our 

current assumptions ((H.l) or (H.2)) 



n—>-oo 77, 


2 


Suppose in addition that fi has a scaling property: there exists a 7 ^ 2 such that = 

for all c > 0. This implies that S 2 and Sh have the scaling property £^ 2 (-^ 7 ) = 
2 2 

A 2 -“£^ 2 ( 7 ) and £h{^i) = Therefore, estimate (8.74) (with p = 2) becomes 


1 

2 


q{q - 1)2-“Th(7) < < ndid - 1 ) 2 -“T 2 ( 7 ) 


(8.77) 


(iii) Finally, let us mention that in other situations, which are not considered in the current 
paper, the Lyapunov exponent of Ku^{t,x) can be computed explicitly. In fact, Chen have 
recently proved in [4] that 

fX 2^ 

-J S, (8.78) 

assuming that i > 1 , hF is fractional in time with covariance 70 (t) = and in space, it has 
a covariance 7 which is a nonnegative function satisfying (1.5), the scaling property 7 ( 00 ;) = 
c“" 7 (a;) for all c > 0 and a: G and the structural property 7 (-) = — ■)K{y)dy, 

where K{-) > 0. Here S is the variational constant 

£ = sup([ [ [ ^Jj ^{s,x)g^{r,y)dxdydrds-^ [ [ \Vg{r,y)\‘^dydr] , 

g \Jo Jo 2 Jo Jr^ ) 


lim 

t^OO 


— logEn’^(t,a:) = n 


n 


where the supremum is taken over all g such that g{s,-) G and g‘^{s,x)dx = 1 

for all 0 < s < 1. This result does not cover the case of white-in-time noise. Based on the 
results in the case of space-time white noise (identity (1.24)), Chen conjectures in [4] that 
if the noise is white in time and has spatial covariance 7 satisfying the previously described 
conditions, then for every n = 1 , 2 ,..., 


1 2 ~ 
lim - logEM”(t, a:) = n(n 2 -“ — 1)8 

t—>-oo t 


(8.79) 


for some constant 8. We believe that this is an interesting problem and the methods used 
in Lemma 8.1 are not capable to yield such a precise statement. 


Proof of Proposition 1.6. (i) We observe that under assumption (H.l) or (H.2), the result in 
Theorem 1.2 gives 

^’n(A 7 ) = lim - logEn”(t, a:) (8.80) 

t 

for every A > 0. We can restrict the supremum in (1.15) to nonnegative functions which 
shows that the map A 8n(i\j) is nondecreasing. It follows that weak phase transition at 
order n implies (strong) phase transition at the same order. 

(ii) It follows directly from Lemma 8.1, identity (8.80) and the fact that A t—)■ 8n(i\j) is 
nondecreasing. 
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(iii) It is evident that A 2 = sup{A > 0 : £^ 2 (^ 7 ) = 0}. Let A be a positive number such 
that £^ 2 (^ 7 ) = 0. From the expression (5.62) we see that 




( 8 . 81 ) 


for all h G A 2 i- Fix s > 0. We choose e for all G so 

that {h* h){—^A) = Hence 




e-dd 




and 


{\e\^ + \e\^)h\e,e)dede 


It follows from (8.81) that 


i 

Ys' 


- 4sup,>os/R£e-d«Pp(d^) ■ 

Passing through the limit A t A 2 we obtain the result. 
Finally, (iv) is a consequence of (iii). 


□ 


We now prove Theorem 1.7. 

Proof of Theorem 1.7. This result is essentially due to [6]. However, since the set up in the 
afore mentioned paper is a little bit different from ours, we sketch the idea here. 

Theorem 1.3 of [6] shows that weak phase transition at order 2 happens if and only if 
condition (1.28) is satisfied. Together with Proposition 1.6, this shows the first statement. 
It remains to show (1.29). Following [6], we put 

di{py) = -p^[ f . 

(27r)^ Jo Jr‘ 

A further inspection of the proof of Theorem 1.3 in [6] reveals that for every r > 0 and a > 0, 
£^ 2 (Ay) > 0 for all A such that 

hi{r,a) 

Together with the estimate (8.73), we have 

A'^ < —^- 

hi(r,a) 

for all r > 0 and a > 0. We can pass through the limits a —)■ 0 and r cxo to obtain 
(1.29). □ 

Proof of Theorem 1.8. As in the proof of Theorem 3.2, u\{t,x) admits the chaos expansion 

00 

U\it,x) = ^X^In{fni-it,x)), 

n=0 
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where fn is the function defined in (3.41) with uo = 1. In addition, we also have 






for some constant C. Using the change of variables r]^ = + • • • + we obtain 

nl\\fn{-,t,x)\\l^n = C" 


JJ JJ _ r^i-^)d^ds 


^3-(Sj + l-Sj)IUP 

with the convention rj^ = 0. Using the assumption (H.l) we see that 


Ck 

It follows that 

provided that 


n /('t +/'(’t)) ■ 

i=i i=i 

Hence, n!||/„(-, t,a;)|||®„ is at most 

° le-\r,\V(,^) + f(r,)]dr,ds']=(cK f 


E\ux{t,x)\^ < ^ (xCk [ 

n=0 ^ 


A < 


dr] 


fiv) + P{v)^ 

-<oo. 




Hence, S 2 {X'j) vanishes for all A sufficiently small. On the other hand, item (iii) of Proposition 
1.6 ensures that £^2 (Ay) > 0 for A sufficiently large. These facts show that phase transition 
happens. □ 

We conclude the current section with the following proposition. 

Proposition 8.3. Suppose that phase transition occurs, then for all integers 1 < p < q, we 
have 

p-i 


< ^ < 1. 

q-l 


Proof. It is straightforward from Lemma 8.1. 


(8.82) 

□ 


9. Appendix 

In this section we state and prove several technical lemmas which are used along the paper. 

Lemma 9.1. Let {BQ t{s),s G [0,t]} be a Brownian bridge in M^. Let 0 < Si < • • • < s„ < 
s„+i = t, then for any G M^, 1 < j < n we have 


E E = E l«‘ + ■ ■ ■ + 


0 = 1 


i=i 


y^('C^ +■ • •+^■^)(sj+i— Sj) 
i=i 
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Proof. Using the covariance of the Brownian bridge, we can write 

2 




vfc=l 


j,k=l 


.j=l ^^j<k<n 

Let So = 0 and write Asj = Sj+i — Sj. Then, the above expression can be written as 

2 


Eij2^’'-BoAsk) 


.fc=i 


. i=i o<p<j-i j<q<n 

+2 e-. e E E 

{)<j<k<n k<q<n 


E E + E 2 ^‘’ ■ e) 

_0<p<q<n \i=p+l P+l<j<fc<9 

Write r]‘^ = ^^ + ■ ■ ■ + ^‘^, T]^ = 0. Then we obtain 
2 




.fc=i 


1 

t 

1 

2t 


^ I??''- AspAsq 

J}<p<q<n 


Ir^^pAspAsq + |?7''pAspAsg - ■ r]‘^AspAsq 


j>,q=o 


p,q=0 


p,q=0 


1 

1^^ H h (sj+i - Sj) - - 

i=i 


y^(^^+—^ ^■^K'Sj+i ~ ^j) 

i=i 


which proves the lemma. 


□ 


Lemma 9.2. Assume that 7 satisfies conditions (H.l) or (H.2). For each r > 0, let Bo^r be 
a Brownian bridge in Then we have for any ^ 1,^2 > 0, we have 

Eexp 7 (So,ii+t 2 (s))ds^ < Eexp 'y{Bofy{s))ds^ Eexp 7 (So,i 2 (s))ds^ . 

In other words, the map t 1 —)■ T(t) := logEexp ^ 7 (i?o,i(s))(is^ is subadditive. 

Proof. Thanks to Proposition 4.2, we can assnme that 7 : —)■ M is a bonnded positive 

definite function. Let Qr he the filtration generated by i?o,ti+t 2 from 0 to r, then we have 


Eexp 




= E 


7iBofy+t2is))ds 
rii 


exp 


7 ( 5 o,ti+t 2 (s))ds E exp 




l{Bo 

,^ 1+^2 (s))ds 


(9.83) 
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Applying Lemmas 2.1 and 4.1, we see that 
E ( exp ’ 




'j{Bo^ti+t 2 {s))ds ) Gti] < sup Eexp ( / + x)ds 

= T(t2). 

Observe that {i?o,ii+t 2 (^i + ^2 — s),s G [0,ti + ^ 2 ]} is also a Brownian bridge, thus together 
with a change of variable, we have 

Eexp 'y{Bo^ti+t 2 {s))ds^ =Eexp 'j{Bo^ti+t 2 {s))ds^ . 

By the same argument as above, the above expectation is at most T{ti). Together with 
(9.83), we obtain the result. □ 

Lemma 9.3. ITe assume either condition (H.l) or (H.2). For each t > 0 and n > 1, we 
define 


Ut) = 




exp 


7 I ~ ^ 


2=1 


— + • • • + > fi{d^)ds , 

i=i } 

for some constant H G M, where fi{d^) = YYj^i and ds = dsi ■ ■ -dSn- Then 

00 

< Ciexp(c2t) (9.84) 

n=0 

where Ci and C 2 are two constants depending on D. 

Proof. Fix e > 0, let I^{t) be defined as In{t) but with //(d^) being replaced by e 
Step 1: We claim that 


^ r r 

X] = Eexp < D / 'yfiV2Bo^t)di 

n=o do 


Indeed, for each n > 0, applying Lemma 9.1, we have 


E 


%{V2Bo^t)ds 


L-'o 




liV 2 ± 


E exp < i V2yj^-BoAsk)}tie{dOds 




k=l 


= n\ 


= n\ 


[ [ exp I -Var ■ 5o,t(sfc) ) I iie{di)ds 

d[0,t]5 d(R^)- [ J j 

n 

^ “ Sj) 


'[o,t]5 -'(rL’" 


i=i 


y^('C + —^ ~ Sj) 

1=1 
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>p.fid^)ds, 


(9.85) 








where [0,t]” is defined in (3.44) and we use the notations ^e{d^) = 11^=1 
ds = dsi ■ ■ ■ dSn- Together with the Taylor expansion of e*, we obtain the claim. 
Step 2: We show that for every f > 0 


e>0 


supEexp<2Zi) / 'j^{\/2B{s))ds\ < Cie'^'^^ 


for some positive constant ci,C 2 . In fact, using Taylor’s expansion, 


Eexp (20 ( '-yf:{y/2B{s))ds\ < 

\ do J 


{2Df 

IF 




(sa(i+i) 


where a denotes the permutation of { 1 , 2 ,..., /c} such that 0 < So-(i) < • • • < s^{k) < t, and 
we denote S( 7 (a:+i) = t. We treat conditions (H.l) and (H.2) separately. 

Case 1: under the condition (H.2). Using the assumption that 7 is positive and positive 
definite and an argument similar to [15, estimate (3.7)] we conclude that the last expression 
above is bounded by 


^ k'- J[ 0 ,t]^ fj: 


k=0 

00 


i=i 

k 




= E(2«) 

k=0 

00 n n r\i 

< e^‘J^{2D)C / n 

00 „ k 

< e-Y.^ 2 Df \[ 

k=o i=i 


JJ'g (si+i jjit^d^'^ds 


,,-7i+i-si)(c+|7|' 


pi{d^)ds 


/ic+ie^'i2 


h(F), 


the series is convergent when c is sufficiently large, which completes the proof. 
Case 2: Under the condition (H.l). Then from the above we see that 


Eexp <2/1 / 7 e(\/ 2 H(s))(is < EP-d) 


fc =0 




n 

i=i 


(si+i—splUn— 


fi{d^)ds 
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Making the change of variables + • • • + for j = 1,... ,k together with condition 

(H.l), the above series is at most 


< 


< 


k=0 

oo 

^( 2 C)‘ 

k=0 

oo 

^( 2 kD)‘ 


/ !!<= 


k k 

-(si+i-Si)|?7-’|2 


3 

k k 

-(si+i-si)i»?'’k 


Y\_f{v^~V^ ^)drjds 
i=i 


n 




fW ~ ^)drids 
i=i 


n 




k=0 




< e 


ct 


Y,(2kD)‘ 


n 


^-(si+l-Si)(c+|i?Jp) 


k=0 

OO 




/(h') 5^ n f{r]^)°‘^dr]ds 

oi&'Dk i=i 

k 

fiv") Yi n f drjds 

a&Vkj=l 


^ r ^ 

< e- Y,(2nD)‘‘ / n 7 -|;^/(»') E n KnT’dvds 

where c is a positive constant to be chosen later, is a subset of multi-indices of length 
k — 1 and Card('Dfc) = 2^“^ and for any a G Pfc, at G {0,1, 2}, i = 2,... ,k but ai G {0,1}. 
Using the inequality 


fiv) 


Jmc + r]^ 

if necessary, we conclude that 


dr] < 


c + rj- 


-dr] 


1/2 


OO oo / n 

Y.In < e-‘ ( / 

n=0 k=0 


R c -f / 

Piv) 

c + r]'^ 


dr] , 


we see that when c is sufficiently big, the above series is convergent. 


Step 3: By Cauchy-Schwarz inequality and the fact that i?o,t BqA ~ ') have 


Eexp<jU)/ 7 e(\/ 2 i?o,t(s))(is < Eexp |2U)y 7,(\/2i?o,t(s))(is 


\2D j\,{V2B{ 


Together with (2.38), we arrive at 

Eexp|zi) j 7e(\/2i?o,i(s))(is| < Eexp 
It follows from previous steps and (9.86) that for all f > 0 

sup^/^(f) =supEexp|T) [ %{V2BoA))ds\ < 

e>o I 2o J 

On the other hand, by monotone convergence theorem, it is evident that 

OO OO 

sup^/^(f) = ^4 (t). 


■s))ds 


(9.86) 


< Cie 


e>0 


n=0 


n=0 
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This completes the proof. □ 

Lemma 9.4. Let = {(|/^,...,?/"') G ([0, cxd)^)"' : \y^ — y’^\ < M for all 1 < j < k < n} 
and a = (a, 0,..., 0) G Then 


lim - log / exp 

t^OO t Ja+ 


-E 

i=i 


W - 

2t 


+ I3W\ ] }dy= < 2 ^ 


^ - n/3a if a> (3 


no. 

2 


if a < (3 . 


(9.87) 


Proof. We first show the upper bound of (9.87). We observe that 


/ 4 + 


exp 


E 

i=i 


W - 

2t 


+ I^W\ Ml/ < 


exp 


E 

i=i 


w - 

2t 


+ l^\yi\ ]\dy. 


By a change of variables, the integral on the right hand side of the above inequality is the 
same as 


t 




exp 


-*E 

i=i 




+ /?li/il + 5^ 


dy. 


k=2 


Applying Laplace principle, we see that the limit 


lim - log / exp 

t^OO t 


E 

i=i 


\y^ - 

2t 


+ f3\yi\ } dy 


equals to the right hand side of (9.87). This shows the upper bound in (9.87). 
To show the lower bound, we consider two cases. 

Case 1: ^ = 1. We first notice that the integral in (9.87) can be written as 


e(^-’^“^)‘/(f) 


where 


/(()= / exp.;-5^ 


/ 4 + 


(?/2 - {a- (3)tf 
2t 


dy. 


We consider the case a > (3. For each j = 2,..., n, we have {y^ — {a — (3)1)"^ < 2{y^ — y^Y + 
2{y^ — {a — /3)t)‘^. We then write 


poo ^ / p 

lit) > / Y[ ( / 


e dyt ] dy^ 


_M± 

> e 4 t 


e ‘ 


J=2 V./i/J>0,|y>-yl|<M/2 
, / lx , 1 


/i(|/ )d|/ , 


where 

Hy^) = 

We continue to estimate 

/ 

/(t) > e-— 




y>o,|y-yb<A^'/2 
2{a-0)t 


n—1 


{OL-P)t 


e ‘ 
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-(y -A-m hiy^)dy^ 









On the region [(a—/9)t, 2 (q;—/ 3)t], assuming that t satisfies a—f3 > we have h{y^) = M'^ \ 


thus 


I{t) > 


It follows from Laplace principle that 


r2{a-0)t 

r2{a-/3) 

J (o-/3) 


1 




g-(n-l)t(2:-(a-/3))2^^^ 


lim inf - log /(t) > 0 . 

t—>-oo t 


We now consider the case a < 13. We write 

- atf 




2t 


- iSyn }dy = e 2 J(f), 


where 


We can write 


J(t) = I ^ exp<j -—"^{\y^\^ + 2{/3-a)ty^) ^ dy. 


i=i 




where 


9iy^) = 


'y>0,\y-y^<M/2 




n—1 


On [0,f], g{y^) is at least (^e 2 \(^ +0 a)Mt)'^n Thus for every t > 1, 


2 Jo 

As before, by the Laplace principle, 

lim inf i log J(f) > 0 . 

t—>-oo t 

Case 2: i >2. For each 1 < j < n, applying the inequality \y^ < Yl^k=i bfcl 


exp{-Ey. 


n ( \y^-at\^ 


2t 


+ /3\y ^\) [ is at least 


exp 


E 

i=i 


( yj - at? 

2t 


+ l^\y{\ 

i=i 


k=2 


w 

2t 


+ P\yl 


In addition, the domain contains the region 


{(l/\ ..., y^) E ([0, cxd)^)” : \yi — yl\ < M' for all 1 < /c < £ and 1 < j <p <n} 
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for some positive constant M'. The above region can be written as where A is the set 
{z = , z”) G [0, cx))" : \z^ — z^l < M' for all 1 < j < p < n}. Therefore, the left hand 

side of (9.87) is at least 



We can apply the resnlt in Case 1 to conclnde the proof. □ 
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